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Using a scatteringheoryapproactwe studythe zero-frequencyurrentfluctuationsof the normalterminals
of a phase-coheremmesoscopictructurewith a superconductingegion.We find that for deviceswherethe
potentialof the superconductingegionis externallyfixed (Fig. 1), the expressiorfor currentfluctuationsis a
simplegeneralizatiorof the correspondingxpressiorobtainedn Buttiker [PhysRev.B 46, 12 485(1992] for
purely normalmesoscopisystemsln contrastto purely normalmesoscopisystemswe find thatthe current
fluctuationsbetweentwo differentcontactscanbe positivein thesedevices We apply this formulato derivea
simpleexpressiorfor the shotnoisein a normalsuperconductingNS) junction andstudythe noiseto current
ratio both as a function of the applied bias and a potential barrier at the NS interface.For deviceswith a
floating superconductofFig. 2), a self-consistentalculationof the currentfluctuationsis necessaryandhere
we deriveanapproximatdormulavalid in the smallbiaslimit. We showthattwo similar deviceswith identical
averagecurrentscan exhibit very different fluctuationsdependingon whetherthe superconductois held at a
fixed potentialor is left floating.[S0163-182@06)00123-3

I. INTRODUCTION

Recently, there have been many experiment&™ and
theoreticdl ™ studiesof mesoscopiaeviceswith supercon-
ducting regions. These experimentstypically measurethe
conductanceas a function of the phasevariation of the su-
perconductingregion. Some of the interesting effects ob-
servedareperiodicoscillationsof the conductancesa func-
tion of the phasedifference betweenthe superconducting
regionsin an Andreev interferometef, and enhancedcon-
ductanceoscillationsin an Aharanov-Bohnring with super-
conductingregions? Somerecentpredictionsin thesestruc-
tures include Anderson localization in a normal-
superconducting-norm@NSN) junctiondueto a variationin
the phaseof the order parametef, and the doubling of shot
noisein a weakly transmittingNS junction?

The scatteringheoryof transport(often referredto asthe
Landauer-Buttikerformalism) has beenvery successfulin
explaining normal mesoscopigphenomena>!® It shouldbe
notedthat, unlike the tunneling Hamiltonianformalism, the
Landauer-Buttikerformalism does not assumeweak cou-
pling and canbe appliedevento ballistic conductorslit has
recentlybeenappliedto mesoscopisuperconductorly sev-
eral author8121317Referencel showsthat the scattering
theoryof transportcanbe usedto calculatenot only average
currentbut alsothe currentfluctuations.The purposeof this
paperis to showwith exampleshow theresultsof Ref. 1 can
be extendedin a straightforwardmannerto apply to super-
conductingstructures.Although Refs. 12 and 13 have ap-
plied the scatteringtheory of transportto calculatethe noise
in NS junctions,we arenot awareof a generaformulationof
the type presentechere. The expressionsve derive can be
usedto calculatethe currentfluctuationsin arbitrary multi-
terminal structuresand configurationsaslong asthe super-
conductingregionsare all maintainedat the sameelectro-
chemicalpotential.

There are two distinct experimental configurationsin
thesestructuresin thefirst configurationthereis a supercon-
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ducting contactat an externally fixed potentiat?* (Fig. 1).

In the secondconfiguration,referredto as the floating
superconductor case,the superconductingegionis floating
(Figs. 2).3® This meansthat the chemical potential of the
condensatéug) floatsto a value which is determinedself-
consistenthyby the conditionthatthe sumof the steady-state
currentsflowing throughthe variouscontactsis zero? Here
the chemical potential of the superconductorcan fluctuate
with time aboutits steady-statealue.

We first considerthe configurationsn Fig. 1, wherethere
is a superconductingontactkept at an externallyfixed po-
tential. Using scatteringtheory formalism, we derive an ex-
pressionfor the currentfluctuations.We find that the final
expressiorfor currentfluctuationscould havebeenobtained
from the correspondingxpressiorfor currentfluctuationsin
the purely normalcaseby (i) associatingan additionalindex
representingelectron(e) andhole (h) channelswith every
contact(j) index, i.e., j—(je) and(jh); and (ii) correctly
accountingfor the sign of the electronandhole currents.To
the bestof our knowledge the generalexpression Eq. (38)]
for currentfluctuationspresentechere has not appearedn
the literaturebefore.

Next we considerthe caseof a floating superconductor
(Fig. 2). Here the chemicalpotentialof the condensatéwg)
is determinedself-consistentlyfrom the condition that the
sumof all currentsflowing in the contactsis zero,3f;,=0.°
As aresultof this requirementfluctuationsin currentcause
the chemicalpotentialof the condensaté¢o fluctuate.This in
turn affectsthe currentfluctuations We derivean expression
for the current fluctuationsin the floating superconductor
caseby properlyaccountingor thefluctuationsin thechemi-
cal potentialof the condensateOur discussiorin this caseis
valid only at small biasesbecauset is basedon the method
of Langevinforces.

Finally, we considertwo applicationsof the expressions
for currentfluctuations.In the first example,we derive an
expressiorfor shotnoisein a NS junction valid at arbitrary
appliedvoltages.Using this expressionwe verify thata bal-
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FIG. 1. A multiterminal mesoscopi@evicewith one supercon-
ductingcontact. Two of the normal contactsandthe superconduct-
ing contactare at an externally fixed potential. The third normal
contactis not keptat an externallyfixed potential,i.e., it is floating.
The exactpositionof the NS interfacecanbe asin (a), whereonly
the contactis superconductingor (b), wherethe superconducting
region extendscontinuouslyfrom the contactinto the device.

listic NS junction hasa nonzeroshotnoiseat voltageslarger
than the superconductinggap. This result was predictedin

Ref. 18 usinga more complicatedKeldysh Green’s-function
theory. Anotherrelatedstudy predictsthe doubling of noise
to currentratio in the smallvoltagelimit in weakly conduct-
ing NS junctions!? Using the expressiorfor shotnoisede-
rived here,we extendthis studyto finite biasesandarbitrary
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reflectioncoefficientsdueto a &function potentialbarrierat
the NS interface.We find that a NS junction with a small
normal reflection coefficient exhibits a peakin the noise/
currentratio at a voltagelargerthan A [Fig. 3(a)]. For junc-
tions with a largereflectioncoefficient,the noise/currenta-
tio has a value four times the electronic chargeat small
applied voltages as predictedin Ref. 12, and the noise/
currentratio decreaseso the value of two times the elec-
tronic chargeat voltagesmuch largerthanthat of the super-
conducting gap [Fig. 3(b)]. This behavior is intuitively
expectedbecausat energiessmallerthanthe superconduct-
ing gap an electronincident from the normal regionis re-
flectedas a hole at the NS interface,resultingin the flow a
Cooperpair with charge2e in the superconductorAt ener-
gies much larger than the superconductingyap, an electron
incidentfrom the normalregionis transmittedasan electron-
like quasiparticlein the superconductorReferencel3 re-
cently calculatedthe distributionfunction for the shotnoise
in aNS junctionusingthe scatteringheoryapproachWe do
not addresghis issuein this paper.

The secondexamplewe consideris illustratedin Fig. 4.
The purposeof this exampleis to illustratethe differencesn
the currentfluctuationsbetweerthe caseof a superconductor
kept at a fixed externalpotentialand the caseof a floating
superconductorThe devicesin Fig. 4 consistof a normal
ballistic region connectedto two normal contacts(N1 and
N2), andhastwo superconductindpoundariegmaintainedat
phases¢, and ¢,. The device in Fig. 4(a) (device A) is
connectedo a single superconductowhosepotentialfloats
to avaluewhich is determinedy the currentsflowing in the
normalterminals.The devicein Fig. 4(b) (deviceB) is simi-
lar to deviceA, exceptthatthe superconductois maintained
at anexternallyfixed potential. This potentialis choserto be
equalto the potentialthe superconductofloatsto in device
A. Both the averagecurrentand currentfluctuationsare cal-
culatedat the normal terminalsas a function of the phase
difference(¢,— ¢,). We find that, while the averagecurrent
is the samein the two devices,the currentfluctuationsare
very different (Fig. 5).

Approximations

The basicapproximationwe makeis to neglectthe cur-
rent fluctuations in the pair potential A(r). In the
Bogoliubovw-de Gennesquationg Eq. (6)], the orderparam-
eterA(r) is calculatedself-consistentlyAs a resultthereare
fluctuationsin A(r) due both to the stochasticnatureof the
occupancyfactorsfor electronsand holes[the factorsf, in
Eg. (8)], andto the stochastimatureof the transmissiorco-
efficients. Thesefluctuationsin A(r) are neglectedin this
paper.lt is not clearto us if thesefluctuationscan be in-
cludedin the contextof a scatteringtheory approach.Ne-
glectingfluctuationsin A(r) is similar to neglectingthe effect
of fluctuationsin the effective potentialseenby an electron
dueto all otherelectronsin purely normal mesoscopisys-
tems. Most of the calculationsof current fluctuationsin
purelynormalmesoscopisystemsn theliteraturearein this
limit.

At low temperaturesve expectthe fluctuationsin A(r) to
be insignificantfor the structuredn Figs. 1(a) and2(b). This
is becausethe currentdensity flowing in the contactis so
small that it plays an insignificantrole in determiningthe



16392

(a)

b) ‘ \
S

ground

self-consistenvalueof A(r). Thusfluctuationsin the current
will not contributesignificantly to fluctuationsin A(r). On
the other hand, the superconductingegionsinside the de-
vicesin Figs.1(b), 2(b), and2(c) aresmallerandcanhavean
appreciablecurrent density flowing in them. Thus self-
consistencyn A(r) is very importantbecausdluctuationsin
the currentcould leadto significantfluctuationsin A(r).

Outline

The remainderof the paperis arrangedas follows. We
begin Sec.ll with a brief descriptionof the Bogoliubowde
Genne®guationsandthe pictureadoptedn this paper(Sec.
Il A). InSec.ll C,we deriveanexpressiodEqg. (38)] for the
current fluctuationsin the caseof a superconductoat an
externallyfixed potential.In Sec.ll D, we discusghe sign of
the current fluctuations.We discussthe floating supercon-
ductorcasein Sec.lll. In Sec.IV, we discussgwo examples:
(i) aNSjunctionand(ii) thedevicein Fig. 4. We presenour
conclusionsn Sec.V.

I1. CURRENT FLUCTUATIONS: SUPERCONDUCTOR
AT A FIXED EXTERNAL POTENTIAL

A. Bogoliubov—de Gennes equations

Consideramesoscopideviceconnectedo onesupercon-
ducting contactand an arbitrary numberof normal contacts
as shown in Fig. 1. Here an up-spin electronincident in
contactj caneitherbetransmittedasanup-spinelectronor a
down-spinhole to other contacts.The equationwhich de-
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FIG. 2. A multiterminalmeso-
scopicdevicewherethe supercon-
ducting region is not externally
kept at a constantpotential; i.e.,
the superconductois floating. All
normal contactsare at an exter-
nally fixed potential. The struc-
turescan be asin (a), wherethe
superconductingegion is a con-
tact, (b), wherethe superconduct-
ing regionis partof the device,or
(c), which is a combinationof (a)
and (b).

ground

scribesthe motion of quasiparticlesunder nonequilibrium
conditionswhen all interactionsinvolving spins are negli-
gible is®

[H(X)+U(x)—us] A(x) Up(X)
AX)*  —=[HX)* +U(x) = ug]/\ va(x)
_ . 9 [up(x)
-t E U,,(X) ’ (1)
where
1 ( . A(x)\?2
H(x)—% —th—eT +Vy(x), 2

A<x>=+v<x>§ vE (X)uy(X)(1—2f,), 3)

U(x)= —V<x>§ |Un(X)|fat [0a(X0|2(1—F). (@)

Herex=(r,t), V4 (x) is the scalarpotential (the potential at
equilibrium plus the potential resulting from the applied
biag, V(x) is the local attractive electron-electrorinterac-
tion, A(x) is the vector potential, and ug is the chemical
potentialof the superconductingegion.f,, is the occupation
factor for staten. We consideronly deviceswhereall super-
conductingregions have the same chemical potential wg.

The self-consistenpotentialsA(x) and U(x) arethentime

independentWe alsoassumeéhat V¢(x) and A(x) aretime

independentEquation(1) canthenbe written as
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1.0 . . ; . 3 ) )
_ (@ —z=% U(N) ==V 2 Jun(N)Pfat loa(1=Fo)- (9
o 0.8 L~ ——=-Z=0125
5 \ - § - g:;f HereV(r) is the scalarpotential(the potentialat equilibrium
o 06 \ 7 plus the potentialresultingfrom the appliedbiag, and A(r)
5 04 is the vectorpotential.Note that while solving Eq. (6), ug is
e a position-independertonstanthroughouthedevice.Equa-
= 0.2 tion (6) explicitly involve diagonalsub-Hamiltoniandor an
« up-spinelectronbandand a down-spinhole band. The off-
0.0 diagonalterm A(r) known asthe orderparameterrepresents
0.0 a couplingbetweenthe up-spinelectronbandandthe down-

b)Y ---- Z=0.25
ey Z-05
——-2z=15 [

S/I (in units of ‘e’)

0.0 2.0 4.0 6.0 8.0
Voltage ( units of Ale )

FIG. 3. A plot of the noiseto currentratio (S/I') of a NS junc-
tion asa function of the appliedvoltage.This ratio hasa peakat a
voltage larger than A/e. Note that a ballistic NS junction has a
nonzeronoise for eV>A. (b) Sameas (a) but for larger barrier
strengthsFor largebarriers,the S/I ratio approaches valueof 4e
at smallappliedbiasesaspredictedin Ref. 12. The /I ratio, how-
ever, decreasesto a value 2e at voltages larger than Ale.
Z=KkgU/2eg is a dimensionlessbarrier strength (Ref. 26), and
U é(x) representshe potentialof the barrier placedat the NS in-
terface.Plotsarefor zerotemperature.

[H(r)+U(r)—usg]  A(r) (un(X))_.. 9 [ Up(X)
A(r)*  —[H(E®)* +U(r)—ugl/\va(0)) 7 ot \va(x)
(5)

in the superconductingegions.In the normal regions,the
sameequationholdswith the self-consistenpotentialsU (r)
andA(r) setequalto zero[sinceV(x) =0]. Equation(5) can
now be written in a time-independenform by assuminga
solution of the form wu,(x)—e 'Fu,r) and v,(x)

—e By, (r):
[H(r)+U(r)—ug] A(r) )(un(r)>_E(un(r))
A(r)*  —=[H)*+U(r) —pg]/\va(r)) — ~oa(r))?
where

2

AD v, @

1
H(r)=ﬁ(—iﬁv—e—c

A<r>=+V(r>§ v (O)uy(0)(1—2 ), (8)

spinhole band:A(r)=0 in the normalregions.

B. Scattering states and occupation factors in the contacts

In the following discussionof scatteringstates,we as-
sumethe Hamiltonianin the contactgo be separablén thex
and(y,z) directions(the Hamiltonianwill not be separable
inside the device,which may have an arbitrary shape. We
further assumefor simplification that the vector potential
A(r)=0 and that the single-particlepotential V¢(r) hasthe
following form in the contacts:

Vg(r)=Vi(y,z) in contacti. (10

Then the HamiltonianH appearingin Eq. (6) is separable
into x and(y,z) componentsn contacti asfollows:

H(r)=H(x)+H(y,z), (11
where
h2 o2
H(x)=— >m 2 (12
and
2 2 2
H(y’z):_%(&_),z+(9_zz +Vi(y,2). (13

Applying a biasin contacti would changehevalueof V, by

an amountequalto the appliedbias. The assumptionrmade
regardingthe form of V¢(r) is madeonly to simplify the

calculation As in the purelynormalcasethefinal answeifor

the averagecurrentand currentfluctuationsdoesnot depend
on the detailedshapeof the contacts

Normal contacts

We will now discussEg. (6) in a normalcontact,discuss-
ing both the scatteringstatesand the occupationfactorsfor
electronsandholesin the contact.The off-diagonalpotential
A(r) is zero,andso Eq. (6) simplifiesto

+(H— ug)u,=Eu,, (14

—(H—uglv,=Ev,, (15

whereH is given by Eq. (11). Equation(14) representan
electronbandwhich is shifted by a constantenergy — ug.
Similarly Eq. (15) represents hole bandwhich is shiftedby
a constantenergy+ us.

Inside normal contacti, the solutionsto Egs. (14) and
(15) atenergyE=E,+ E,y canbe written asa productof a



16394

(a) Device A

SUPERCONDUCTOR

:I Normal  Wire :
: |1 -
1 2

T

| SUPERCONDUCTOR |

(b) Device B

1 1
1 Normal  Wire I

—

FIG. 4. Andreevinterferometer{a) The superconductingegion
floatsto a value (ug) determinedby currentconservatiorfor this
two-terminaldevice.(b) The superconductingegionis held exter-
nally at a chemicalpotential ug identicalto thatin (a).

statewith energyE, alongthe x direction and a statewith
energyE,, alongthe (y,z) direction.Incidentelectronsand
holesfrom normal contacti havethe following form:

+ ik u .iy sz
o= hio(Exx| Unl Oy )) (16)
and
. 0
*iKjp(Ex)x .
e vn(i,y,z))' 7

ki-.(E,) andk;,(E,) arethex componentof the wave vec-
torsin contacti correspondingo electronsandholeswith an
x componenbf energyequalto E, . Thesewavevectorsare
equalto

Zm(ﬂs+ Ex_ Vi) vz
kie(Ex) = (T)

and

Zm(lus_Ex_ Vi) v2

kih(Ex):( 72

(18)

Note that energiesE,, E, ,, and E are all measuredwith
respecto ug, whichis equalto the chemicalpotentialof the
superconductingegion. The plus and minus signsin EQs.

(16) and (17) correspondo incoming and outgoingwaves.

u,(i,y,z) andv,(i,y,z) arethe solutionsto the (y,z) com-
ponentsof Egs.(14) and(15).
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The occupancyfactors for the electronand hole states
incidentfrom contactj are’!’

fieE) = 1+exp(E—_(‘,:‘T_“ S))
and
Et (- -
fin(E)= 1+ex;{%) (19)

An importantfeatureof theseoccupationfactorsis that the
chemicalpotentialsfor the electronand hole bandsare dif-
ferent.

Superconducting contacts

In the superconductingontactswe only discussthe case
wherethe single-particlepotential V¢(r) is a constantin the
bulk of the contact,and abruptly goesto infinity at the ex-
tremitiesof the contactsthe (y,z) direction. Then A(r) can
be approximatedoy a constant; in the bulk of the super-

g 1.0

e o8

[}

£ o5

3 02

g

S o0

2

2 .02 - ) :

1.0 05 0.0 0.5 1.0

¢, — 0, (units of 2 )

---- Current
—— Noise - Floating Superconductqr]

Noise/Voltage (in units of 267/hV )

-1.0 -0.5 0.0 0.5 1.0
¢, — 0, (units of 27 )

FIG. 5. (a) A plot of the shot noise per unit applied voltage
(N11, Nypp, N,y for the devicein Fig. 4(b) as a function of the
phasdlifferencebetweerthe superconductingpoundariesNotethat
N1#N,,# N1, and that N, can be either positive or negative
unlike normal mesoscopisystems(b) When the superconducting
regionis floating, N1;=N,,= — N, (solid line), as expectedfor a
two-terminaldevice.The dashedine is the averageconductances
a function of the phasedifference betweenthe superconducting
boundariedfor the devicesin both Figs. 4(a) and 4(b). Both plots
arefor zerotemperature.
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conductingcontactlabeledj. An incidentparticle at energy
E from the superconductingcontact j has the following
form:

eiiijxun(j’yvz)
b -

iiijxvn(j-’y,z) )
wherek;, is thex componenbf thewavevectorin contactj,
k;= \/[Zm(_,us—vj— E+ N Af|)]/h2 .Vj is theconstant
single-particlepotentialV4(r) which representshe bottomof
the bandin superconductingontactj. The plus and minus
signs in Eg. (20) correspondto incoming and outgoing

waves.
The occupancyfactorfor anincidentstatefrom supercon-

ductingcontactj is®!
E -1
1+exp( kT” .

We stressagainthatall energie€ aremeasuredvith respect
to ug, which is the chemicalpotentialof the superconduct-
ing regions.

We usea picture consistingof both positive and negative
energystate>!’ Referencel 7 containsa detaileddescrip-
tion of this picture.All resultsin this papercan,howeverbe
obtainedfrom the conventionabicturewhich considersonly
the positive energystates.

Giventhe statesin the variouscontactsthe nextquestion
is whatis the scatteringstatein normalcontacti asa result
of a particleincidentin any of the contacts A particleinci-
dentfrom contactj caneitherbe transmittedas an electron
or aholeto contacti. Theresultantscatteringstatein contact
i is of theform

1] \/U_Je

SIhIE(E) ei Kihx

Fi(E)= 21)

|kiex

si(E)e”

\/v_jh

and

\/\/Z:: siejh(E
Voin
Jop

e ikiex

(22)

|k,hx5 4+ — Shh(E) iKjpx

Herek;; andv ;5= fiK;z/m arethe wavevectorandvelocity,
respectlvely of Bee, h at energyE in contactj. s is the
scatteringnatrix of the deviceincludingthe superconducting
region.sf}ﬁ representshe scatteringcoefficientfor a particle
of type B incident from contactj which is transmittedto
contacti asa particle of type a (a, Bee,h). Note that Eq.
(22) hasbeenwritten down only for a singlemode;the gen-
eralizationto many modesis straightforward.

The scatteringmatrix can be obtainedby solving Eq. (6)
in the variousregionsof the device and then matchingthe
wave functionsu,, andv, at suitablespatiallocations(like
interfacesbetweentwo differentregions, in a mannersimi-
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lar to thatin normal mesoscopicsystemsAn iterative pro-
cedurewould be requiredfor a self-consistentsolution of
Egs. (6).

When a biasis appliedto a contact,it changeshoth the
chemicalpotentialandthe energyof the bandbottomV; . If
a biasvoltageV, is appliedto contacti, the changesn y;
andV, are

Iu,i—>/.l,i+eva and ViHVi+Va'

A changein V; would causea changein the exactform of
the scatteringstatesthroughoutthe device,and would also
causea changein the occupancyof the scatteringstatesat a
given energyin contacti.

The field operator¥ (i,x) in contacti is a linear combi-
nationof the statesin Eq. (22),

\i;(;’x): \?E(i'x) - 2 L d_E
Wn(i,X))  jenSBeen 27 ) \hu,
e'kieX 5, Sgp+ J_I B(E)e kiex
: o
h ch
5, St = Vo, sif (el
x e 'Ela;4(E). (23)

Throughoutthe manuscriptatin alphabetxorrespondo the
terminalsandgreekalphabetsorrespondo the electron(e)
andhole (h) channelsN andS referto the setof all normal
andsuperconductingontactsrespectivelya;(E) is the an-
nihilation operatorin contactj for a particle of type Bee,h
at energyE. kaB and ‘9§B are the wave vector and velocity,
respectivelyof particleof type See,h at energyE’ in con-
tactj.

Thefield operatorsllf(t X) andaJB(E) obeythe commu-
tator rulesfor fermions,

[W(i,%),¥(j.x")]+=0, [&(E).aj5(E")].=0,

[W1(E,%), W(j, X)), = 8;8(x—x")

and

(25

[&](E),8;5(E")], = 8j8,58(E~E").

The expectationvalue of a (E)aJB(E ) is nonzeroonly
wheni=j andit is the d|str|but|onfunct|on in contacti,

(8] (E)ajs(E")) =5, 8,56(E—E")fio(E). (26)
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C. Evaluation of the current fluctuations the electron, and the hole componentscan be compactly
In the evaluationof the current fluctuations presented ~Written as

here,we consideronly a single-modedievice.The generali-

zationto manymodesis straightforwardandwe only present

the final resultin AppendixA.
The currentoperatorfor electronsandholesin leadi are

. ef NN (9
lio(X,1)=sgr a) i T W, (1,%) “dx
dviix) .
—T‘I’a(hx)

whereaee,h, andsgna)=+1 for a=e and —1 for a=h.
Thenthetotal-currentoperatorin leadi which is the sumof

eh
I, X,t S f
( ) zm]keNSEa,B yeeh gr(a \/ﬁl)]

X ‘ (ki’a+ kia)

+ (ki,a_ kia) 5I] 5&/39

wheresgna)=+1 for a=e andsgna)=—1 for a=h. Also,

k., (vi,) andk{, (v{,) correspondo the wave vector (ve-
locity) of a particle of type « in contacti at energiesE and
E’. Equation(28) doesnot accountfor displacementurrents
due to charging, and is hence valid only for the low-

frequencycomponentf the current,for which the the ca-
pacitive componentanbe neglected.

The averagecurrentis obtainedby taking the expectation
value of Eg. (28. Noting that (a ﬁ(E)aky(E ))
=fjp(E) 6 65,0(E—E'), it is stra|ghtforwarcto verify that
the averagecurrentin leadi is

sgr(@)[ 88,5~ TiP(E)1f}4(E), (29)

e
Ii=¢ “23,3

a,je
wherethe transmissiorcoefficientsarerelatedto the scatter-

ing matrix by T 3#(E)=|s{%(E)|?. Linearizing Eq. (29) and
using Eq. (A2) from the Appendix,we obtain

1=, 8ij(uj—ps), (30)
jeN

where

2 i(E

EN

811 0apOk0urp” sgria) (ko —kj, )X —

—i sgra)(k{,+kjq)x Vhivy Uky 8
\/_

Via Uia

dV(i,x)
dx

- ef: ,
it =5 Tr( V(i x)a,

d Wi (i, x) i
Tax VX

, (27)

whereTr denotedraceandthe Paulispinmatrix o, correctly
accountsfor the sign of the electronand hole components.
SubstitutingEg. (23) into Eq. (27), wefi nd

dE’
Vhvjg

Vﬁv}ﬁ Vh ky g@Bt
Vhoi, Vho, 5

e—i(E—E')ta}'ﬁ(E)éky(Er)

(E)StY(E')el S0 kig—kig)x ]

Vi

W(E") = 818, S0 o hiax ——L2 g6 ()

] (28)

Equation(30) was originally derivedin Ref. 9. Tﬁﬂ is the
transmissioncoefficient of a particle of type B incidentin
contactj to betransmittedo contacti asa particleof type a.
As beforea,Bee,h.

The generalexpressionfor current fluctuation between
contactd andj is

S () =(AL(DAT(t+7)+ Al (t+ DAL (D),  (32)

where

AL (D=1, - (Ti(1). (33

The spectralfunction of the currentfluctuationswhich is the
Fouriertransformof Eq. (32) is

1 . . . R
5= (Ali(0)Alj(0) +Alj(0)Ali(w)),
(34)

Sij(@) (ot w)=

where

AT () =1(0) = (I}()).

In this paperwe will calculatethe fluctuationsonly in the
zero-frequencylimit becauseof the limitation of Eq. (28)
mentioned above. Now, using the relationship
fdte! E-ENWh =24 S(E—E'), in the zero-frequencylimit
Eq. (28) simplifiesto

(39
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i\(0=0)=e sort@) [ dE AgsiaE)
k,lIeN,S a,y,5ceh
xay (E)ayE), (36)
where
Avyro(ia,E) = 8ix818,,0,5— 8 (E)ST(E).  (37)

The differencebetweenEq (36) andthe correspondingax-
pression for the current operatorin normal mesoscopic
system$ is that now every contactindex k is generalizedo
ky. yis anindexrepresentinghe electronandhole channels.
The signum function accountsfor the sign of the electron
andhole currents.

Given the aboveinformation, the algebrainvolved in the
evaluationof the spectrafunction $;; () is alongthelines of
Ref. 1. Sowe relegateit to AppendixB. The final resultfor
the currentfluctuationspectralfunction §;; () is

2e?
$j_—

h k,leN,S,a,B,y,5ceh

sgn(a)sgn(B)

X [ dE A1) A BBV i BN~ B,

(38)

Equation(38) is a multiterminalformulafor currentfluctua-
tions betweennormal contactsi and j, and is valid in the
presenceof an appliedbias. It is valid when the supercon-
ductingregionis a contactkeptat an externallyfixed chemi-
cal potential. To the bestof our knowledge Eq. (38) hasnot
appearedn the literaturebefore.Note that AppendixA con-
tainsthe expressiorfor §;; in the multi modedcase.

We commentthat Eq. (38) can be viewed as a simple
generalizationof the correspondingexpressionfor current
fluctuationsin normal mesoscopicsystems.The expression
for currentfluctuationsin normal mesoscopisystemss!

Si(0=0)= 2 f dE Tr[Ay(i,E)Aw(j,E)]
Xf(E)1-fi(E)], (39
where
Ai(J,E)= 6510 — ,|5;k

Now, (i) by associatingan additional index representing
electronand hole channelswith every contactindex [i.e.,
j—(je) and(jh)] in Eqg. (39), and (ii) correctlyaccounting
for the sign of the electronandhole currentsin Eq. (39), iti s
easyto seethatwe obtainEq. (38).

D. Sign of current noise in the presence of transport

In a normal mesoscopiaevice, an electronincident in
contactj is alwaystransmittedas an electronto any other
contacti. As aresultof this, the zero-frequencyurrentfluc-
tuationsbetweentwo different contactsin a purely normal
deviceis alwaysnegative,asprovenin Ref. 1. However,in
the presenceof a superconductingegion, an electroninci-
dentin contacti canresultin either an electronor a hole
leavingcontactj. So we askwhetherthe currentfluctuations
betweentwo different contactsbe positive asa resultof the
AndreevprocessesTo checkthe sign of the currentfluctua-
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tions, we can write the total current fluctuationsbetween

terminalsi andj as
S;=8\"+8)°, (40)

where

SAA <AI|eAIJe> + <AI|hA h>
and

$°= (AIwAIm>+(ALhA o).

Using Eq. (38) andthe orthogonalityrelationsin Appendix
A, we canshowthat

2e?

SV=(+) 5~ 2 [[1—Tﬁ“(E)]Zfia(E)[l—fia(E)]

+ > TRETPE fI1-fsE)],
(kyld) #(iaia)

(41)

2
$H®=(+) % > {2T““<E>fi;<E>[1—fi;<E>]
+2 st <E>s“”<E>fky<E>Z s2°(E)s°"(E)

Xfw(E)} : (42)
Here,if a=e, thena=h, andif a=h, thena=e. Tﬁf is the
transmissiorcoefficientof a particleof type 8 from contactj
to contacti asa particleof type a. Thelasttermof Eq. (42)
is positive becauset is of the form AA. The othertermsof
both $2* and$A® areclearly positive. Thusboth at equilib-
rium andawayfrom equilibrium,the currentfluctuationsin a
single contactis alwayspositive just asin a purely normal
device?

Using Eq. (38) andthe orthogonalityrelationsin Appen-
dix A, we canalsoshowthatthe currentfluctuationshetween
two different contactsi andj is

2 2
$Pe=(0) 5 = [Tﬁ“(E)fya(E)[l—fja(E)]
T BN ()1 £, (E)]

+2 ‘”*(Emw(E)Z si°(E)si°"(E)

XﬁAEﬁ, (43
5%‘}Bli¢f=<+>2:22 [T‘“’(E)f E)[1-f(E)]

+THE)fia(E)[ 1 fia(E)]

+ 2 SUESENG(E) Y si°(E)s)”(E)

Xf,,;(E)} : (44)
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Thelasttermsof both Egs.(43) and(44) areof theform AA.
Thenclearly ${}* is a negativedefinitequantityandS$}° is a
positive definite quantity. The total currentfluctuationss;;
caneitherbe a positive or a negativequantity dependingon
therelative strengthsof the abovetwo terms.Only the terms
in SﬁfA arepresentin the expressiorfor currentfluctuations
of a purely normal device and, as a result, ;; is always
negativein a purely normaldevice! We discussan example
in Sec.lV, where§;; canbe either positive or negativede-
pendingon the phasedifferencebetweenthe superconduct-
ing boundaries.

We now discusghe currentfluctuationsat equilibrium. At
equilibrium, it is easyto verify that the expressionfor S;;
reducego

(Si))eq=(AliAlj)eq=2KT[ @i+ 8ji, (45

whereg;; arethe conductancenatrix elementsappearingn

Eq. (30). Equation(45) is simply a verificationof the gener-
alized fluctuation-dissipatiortheoren?! At equilibrium, the
currentfluctuationsbetweencontacts andj arerelatedonly
to the conductancematrix elementsbetweenthesetwo con-
tacts.

Ill. CURRENT NOISE: FLOATING SUPERCONDUCTOR

In Sec.ll, we assumedhat the superconductois kept at
an externally fixed chemical potential. In this section, we
addresscurrentfluctuationsin deviceswherethe supercon-
ductoris afloatingregionin the device(Fig. 2). In thefloat-
ing superconductocase the expressiorfor currentin a nor-
mal contactis still given by Egs. (29) and (30).° However,
the expressiorfor currentfluctuationsis very different from
Eq. (38). To illustratethatthe floating superconductotaseis
different, considera two-terminal NSN devicewherethe two
normalregionswiden into contactsandthe superconducting
regionis floating. The two normalcontactsaremaintainedat
the same external potential. We consider the low-
temperaturdimit wheredirecttransmissiorof quasiparticles
betweenthe two normalregionsis negligible. Then, at equi-
librium, a straightforwardapplicationof Eq. (38) givesthe
following expressiongor currentfluctuations:

<A11A11>eq: 4kTg1s, <AIZA!2>eq: 4kTQ5),
<A|1A|2>eq:0 (46)

Equation(46) is clearly wrong becauseat equilibrium any
two-terminal device should obey the Johnson-Nyquistela-
tionship

<A| 1A| 1>eq: <A| 2A| 2>eq: - <A| 1A| 2>eq: 4kTG,
(47)
where G is the linear-responseonductanceof the device.

For a NSN device, the linear responseconductancecan be
calculatedusing Eq. (30), andis given by

_ 911922
911792
The reasonfor this apparentviolation of the Johnson-

Nyquist relationshipin Eq. (46) is now described.In the
floating superconductocase,the chemical potential of the

(48)
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condensatéug) shouldbe determinedself-consistentlyffrom

the conditior? that the sum of the currentsflowing in the

variouscontactsis zero,2,;I;=0. As aresultof this require-
ment, fluctuationsin the currentcauseshe chemicalpoten-
tial of the condensatéug) to fluctuate,in turn affectingthe

current flowing in the contacts.Theseprocessesvere not

accountedor in the derivationof Eq. (38) becausewve as-
sumedthe superconductoto be held at a fixed potentialin

Secll. In the aboveexampleof the NSN device,the average
valueof the chemicalpotentialof the superconductingegion
(ug) is the sameasthat of the two normal contacts.ug can,
however, fluctuate with time, and this fluctuation was not

takeninto accountin Sec.ll.

We will now derivean expressiorfor the currentfluctua-
tions in the floating superconductocaseby accountingfor
fluctuations in the chemical potential of the condensate.
Fluctuationsin the chemicalpotentialof the condensatean
be included using the methodof Langevin forces?? This
methodis valid only at small biasesand consistsof writing
the currentoperatorin contacti asthe sumof the expression
obtainedfor averagecurrent and a generalizedLangevin
force which causeghe fluctuationsin the chemicalpotential

Ms

Ii:; 8ij(uj—ps) + I, (49

The averagevalueof 41, is zero,andfluctuationsin 4l; are
givenby Eq. (38) with ug setequalto the steady-stat@alue
ms. Now, making useof the point that at zerofrequency,

> 1;=0,

(50

the chemicalpotential of the superconductocan be written
asthe sumof its steady-statvalue and a fluctuationterm

Z Qi jMj ZI ol
J +
2 Xk ;xk

k

Ms=pstAug= , (52)

wherex;=X;g;; . Noting that the averagevalue of the fluc-
tuation in the chemical potential of the superconductor

(Aug) isequalto 0, the fluctuationin thetotal currentAl; is

S =(ALAL)

:<5Ii511>+xixj; (ApgA pg) — X 1A pg) — Xi( A ugdl ;)

Substitutingthe valueof Aug from Eq. (51) into the previous
equation,
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1

S~ S Din(91101) = Xpxa( 1101

_xmxi<5|n5|j>+xixj~<5|m5| n)}, (52)

where(dI; 51;) arethe currentfluctuationsgivenby Eg. (38)
with the chemicalpotentialof the superconductoset equal
to its steady-stat@alue (A ug). Equation(52) is the expres-
sion for currentfluctuationsin the floating superconductor
case.lt expresseshe total currentfluctuationin the floating
superconductocasein terms of the currentfluctuationsof
the samesystemwith g heldatits steady-state@alue.From
the abovediscussionwe seethat there are similarities be-
tweenthe floating superconductocaseand a purely normal
device with a floating voltage probe, which has beendis-
cussedin Ref. 23. In fact, the expressionfor the linear-
responseurrent[Eq. (30) of this papel derivedin Ref. 9 is
similar to the expressiorfor the linear-responseurrentin a
normal device with a floating voltage probe. The floating
superconductohowever,may only be a part of the device
andnot a contactasin the caseof a floating voltageprobe.

We now verify that if Eq. (52) is usedto calculatethe
currentfluctuations,the Johnson-Nyquistelationshipis in-
deedvalid for the two-terminalNSN devicediscussedt the
beginningof this section.For a two-terminaldevice,Eq. (52)
hasthe form

Su= G x)? [X3( 81181 1) +X3( 51,51,)

— 2%1X5( 81161 ,)]. (53

Also, $,,= — 8;,= — $,;= $;1. Now, substitutingthe equilib-
rium valuesof (8I; ;) from Eq. (45) in Eq. (53), we verify
the Johnson-Nyquistelationship

(ALAT) o= (AT ALY o= — (AL AL o= 4KTG,

whereG is the two-terminalconductancejiven by Eq. (48).

IV. EXAMPLES
A. NS junction with an applied bias

Using Eqg. (38), we find the shotnoiseof a NS junction at
zerotemperatureo be

4’ (un
<5|15|1>:Tj dE{TI(E)[1-TiH(E)]

Mg
+ThE)[1-TIYE) ]+ 2TS(E) T E)},
(54)

where 1 refersto the normal terminal. This expressionis
valid in the presencef a biaslargerthanthe superconduct-
ing gapalso.In the small biaslimit, whereT$$+T/=1, Eq.
(54) agreeswith theresultin Ref. 12.

Using Eq. (54), we now discussthe predictionin Ref. 18
thata ballistic NS junction (T$$=T'"=0) hasa nonzeroshot
noisewhenV>A. In aballistic NS junction,for E<A, every
incidentelectronin the normalregionresultsin thereflection
of a hole in the normal region, and hencethe flow of a
Cooper pair in the superconductowith unity probability
(T18=1 and T$$=0). Then, at zero temperaturejt follows
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trivially from Eq. (54) that the shotnoiseis zero for V<A.
At energiedargerthanA, the physicsis very differentin the
two limits A<E<fewA and E>A. For energies
A<E<fewA, whenan electronis incidentfrom the normal
regionto the superconductorthereare two competingpro-
cessesvhich contributeto currenttransport;(i) the electron
canbe reflectedas a hole in the normalregion, resultingin
theflow of a Cooperpair with charge2e atthe Fermienergy
in the superconductorand (ii) the electronis transmittedto
the superconductingegion as an electronlikequasipatrticle.
For energiesA<E<few A, T!#{0,1} and T$$=0. It then
follows from Eg. (54) that the competitionbetweenthe two
different transmissionprocessesausesa quick increasein
the shotnoiseat voltageslargerthan A. For energiesE>A,
everyincidentelectronfrom the normalregionis transmitted
asanelectronlikequasiparticlgo the superconductingegion
(i.e., Th~0, T$$~0, and T¢5~1). Thenit follows from Eq.
(54) that transportof electronsat theseenergiesdoes not
contributeto shot noise.As a result of this, the shot noise
tendsto saturateat large appliedvoltages.

Thenoise-to-currentatio ($/1) is a quantityof interestin
noisestudiest??*#Using Eq. (54), we discussthe $/I ratio
in a NS junctionwith a &-function potentialbarrieratthe NS
interface,both asa function of the appliedbiasandthe bar-
rier strength. The potential barrier is a & function with
strengthU 8(x).2° In the previousparagraphwe sawthatthe
currentfluctuation saturateswith the appliedvoltagein the
caseof a ballistic NS junction. The averagecurrent, how-
ever, continuesto increaseas the applied voltage is in-
creasedAs aresultof thisthe $/¥ ratio is peakedat a voltage
largethan A/e. Now asthe barrier strengthis increasedve
find that for small valuesof the barrier strength the peakin
the $/1 ratio survives.This peakis, howeverwashedout for
largebarrierstrengthsFor large valuesof the normalreflec-
tion coefficient,the $/I ratio approacheshe value4e in the
small bias limit [Fig. 3(a)] becausedransportis only dueto
reflectionof holesin the normalregion(andhencea flow of
a Cooperpair with charge2e in the superconduct9r This
was predictedin Ref. 12. We find that asthe voltageis in-
creased}o valueslargerthan A/e, the $/1 ratio approaches
the value 2e [Fig. 3(b)], as now mostof the transportis due
to quasiparticlesvith the chargeof a single electron.

B. Current fluctuations in a floating superconductor

The devicesconsideredn this exampleare shownin Fig.
4. The purposeof this exampleis to illustrate the difference
in shotnoisebetweenthe caseof a superconductokeptat a
fixed externalpotentialand the caseof a floating supercon-
ductor. The devicesin Fig. 4 consistof a normal region
connectedo two normalterminalsN1 andN2. Furtherthey
havetwo superconductindpoundariesvhosephasesg; and
¢, canbe changed Experimentalandtheoreticalstudiesin-
volving the conductanceof deviceswherethe phasediffer-
ence between two superconductingboundaries can be
changedin a controlled fashionis being actively pursued
now.2‘5'14’17'27

Thedevicein Fig. 4(a) (deviceA) is connectedo a single
superconductowhose potential floats to a value which is
determinedby the currentflowing in the normal terminals.
The devicein Fig. 4(b) (deviceB) is similar to device A,
exceptthatthe superconductois maintainedat an externally
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fixed potential.The potentialof the superconductoin device
B is choserto be equalto the potentialof the superconductor
in deviceA.

The averagecurrentsin devicesA deviceB areidentical.
This is becausethe averagecurrent dependsonly on the
steady-stat@alue of the potentialof the superconductoand
is not sensitiveto whetherthe superconductors floating or
not. The currentfluctuationis, however,sensitiveto this de-
tail. We illustrate this point by computingthe currentfluc-
tuationsin the normal terminalsof devicesA andB asa
function of the phasedifference(¢,— ¢,) betweenthe two
superconductingpoundaries.

We model the devicesby a single modedballistic chan-
nel, andassumehatthe two NS junctionsare perfectly bal-
listic. We furtherassumezerotemperatur@andthe smallbias
limit. The scatteringmatrix of the two couplers(the couplers
arethetwo T-shapedegionsconnectingeadsl and?2 to the
normalwire) aretakento be

\1_2€i \/ZI \/?I
S = Ve 3(1-41-2¢) 3(1+V1-2¢) |,
@ dandze ooz

(55

wherei 1,2 are the two couplers,and s; is the scattering
matrix of coupleri. The scatteringmatrix elements;(2,1)

= \/?I representshe strengthof the scatteringamplitude of

an electronincidentin lead 1 to scatterto the left side of

coupleri. §;(3,1) represents similar amplitudeto scatterto

the right of coupleri. The matrix elementss;(1,1), s;(2,2),

and s;(3,3) are the amplitudesfor reflectionof a wave inci-

dentin contactl, incident from the left of coupleri and
incidentfrom the right of coupleri, respectively.The other
matrix elementsare definedsimilarly. As the NS junctions
areassumedo be perfectly ballistic, an electron(hole) inci-

dent from the normal region is always reflectedas a hole
(electror). The reflection coefficients are given by

Fer=—i€? and r,.=—ie '?, where ¢ is the phaseof the
superconductingegion. We obtain the scatteringmatrix of

the devicenumericallyby cascadinghe scatteringmatrix of

the individual elements.The valuesfor the various param-
etersusedin the calculationpresentedre €;=0.40, ,=0.30,
L;=1.6 um, L;»=1.8 um, andL,=1.6 um.

Using Eq. (30) we find that, for deviceA,

(912792
— e= — 56
M1™ Ms 911+ 910+ Bo1+ Gop (1= pe2) (56)
and
(9111921
—g= — - . 5
M2— MUs 911+ Q1o+ Gt Gon (1= p2) (57

The Fermi functionsfor electronsand holesin the normal
contactsare

F1e=0(u1—ng), Fin=0(ug—u1),

F2e=0O (2= us), fon=0(ug—pu2), (58

M. P. ANANTRAM AND S.DATTA 53

wherew, andu, aregivenby Egs.(56) and(57). For device
B, the potentialof the superconductingegionis externally
chosento have the same Fermi functions as those given
above.

We first considerdevice B, wherethe superconductors
fixed at an external potential. The current fluctuationsare
computedby substitutingthe Fermi functionsand the scat-
tering matrix for the devicein Eq. (38). The currentfluctua-
tion is plottedasa function of the phasedifference(¢;— ¢,)
in Fig. 5(a). Note that while currentfluctuationsat a single
terminalarealwayspositive,the currentfluctuationsbetween
two differentterminalscan eitherbe positive or negative as
discussedn Sec.ll D.

For deviceA, the superconductois floating. Herewe use
Eq. (53) to calculatethe currentfluctuations.As devicesA
and B have the same steady-statevalue for the chemical
potential of the superconductorthe (61;61;) appearingin
Eg. (53) are just thoseobtainedfor device B. The current
fluctuationin this caseis plottedin Fig. 5(b). Note that, as
device A is a two-terminal device, the various current
fluctuations obey  (Al;Al)=(Al,Al,)=—(Al,Al,)
= —(AI,AI,), with the currentfluctuationsin a single ter-
minal alwaysbeing positive and the currentfluctuationsbe-
tweenthe two different terminalsalwaysbeing negative As
discussedbove the averageconductancef both devicesis
the same,andthis is plottedin Fig. 5(b).

V. CONCLUSIONS

In conclusion,we have presenteda generalexpression
[Eq. (38)] for currentfluctuationsin the normalterminalsof
a phase-coheremhesoscopiaevicewith a superconducting
regionat an externallyfixed potential(Fig. 1). Equation(38)
canbe viewedasa simple generalizatiorof the correspond-
ing expressiorderivedby Buttiker* for a purely normalme-
soscopicdevice (i) whereevery contactk is generalizedo
kv, where v representshe electronand hole channelsand
(ii) correctlyaccountingor the sign of the electronandhole
currents.We find that the current correlation betweentwo
different contactsof a devicecanbe either positive or nega-
tive asa resultof Andreevscatteringln contrastjn a purely
normal mesoscopiadevice the current correlation between
two different contactsis always negative' Using Eq. (38),
we derive an expressiorfor the shotnoisein a NS junction
valid at voltageslargerthan A/e, where A is the supercon-
ducting gap energy. Using the Keldysh Green’s-function
theory, Ref. 18 predictedthat a ballistic NS junction should
exhibit a nonzeroshot noiseat appliedvoltageslarger than
Ale. This resultis simpleto understandrom the scattering
theory approachpresentedn this paper,andis discussedn
Sec.lV. We havealsostudiedthe noise-to-currentatio asa
function of both the bias and the strengthof a -function
barrierat the NS interface.We find that for junctionswith a
small reflection coefficient, the noise-to-currentratio is
peakedat voltagedargerthanA/e [Fig. 3(a)]. Asthestrength
of the barrieris increasedthis peakdisappearskurther,for
the strongbarrierlimit, the noiseto currentratio approaches
thevalueof 4e in the smallbiaslimit aspredictedn Ref.12.
We find that asthe voltageis increasedo valueslargerthan
Ale, this ratio approacheshe value of 2e [Fig. 3(b)] in the
strong barrier limit. For deviceswith a floating supercon-
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ductingregion(Fig. 2), we derive an expressiorfor the cur-

rent fluctuationsin the small bias limit [Eq. (52)]. That the

floating superconductocaseis distinctly different is illus-

trated using a simple example(Fig. 4). While the average
currentis the samefor the two devicesin Fig. 4, the current
fluctuationsare very different (Fig. 5). A floating supercon-
ductor acts in much the sameway as a floating voltage
probé in normalmesoscopidleviceseventhoughthe super-
conductomayonly beapartof the device.We would like to

commentthat throughoutthis paper,we have assumedhe
orderparametepf the superconductoto be fixed. However,
the orderparametefluctuates andthis canbe seenfrom the
self-consistencyrequirementin Eq. (8). We leave this for

future work.
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APPENDIX A

Someusefulrelationsusedin this paperarethefollowing.

,EN%EM il J| —Z s Sr, —5i,-5aﬁ orthogonality,
(A1)
IeN,S;6ceh Tﬁa(E):]- sum rUIe’ (AZ)
s(?(E,B,A)=s[*(E,—B,A*) where a,Bce,h,
(A3)
i af,(E)
—de[aij—Tﬁe(E)+T{'f(E)](— ;E ) ,
e
na)
2e? f 7f5(E)
=—— | dE[&;—T{(E)+T{(E) ( !
h N E |,
(A5)
= 8ii- (AB)

Proof of

> sgra@)sgr B)Axy1s(i @, E)Ay sk, (i BE)fi (E)

k,v,1,6,a,8

=sga)sgr(f) 2 AwutsieE) A (JB.E)iE)

(A7)

is asfollows:

16401

LHS= >,

k,y,1,6,a,B8

SN @)SYN B) 81811 Sy 05— 80

SiTSE S H(E),

LHS=ZB {880 fi o E) —SQN @) sQr( B TE Fi

+ T fi6(E)]

+sgr(a)sgr(B)si's/ s '8 fi (E)}.  (AB)
Using the orthogonalityof the scatteringmatrix =, ;s B‘”
=1, in the third term of Eq. (A8), we obtain
LHS=2) | 8;8ugfia(E)~SQMa)SMA)LT}
+Tﬁ3fm(E)]+kE 8ij8apT( (E)fi (E) | =RHS.
Y
(A9)

Equation (38) becomesthe following equation when the
variousmodesareincluded;

2

e
Sij :E a,B,v,6ee,h andk,leN, S contactssgr(a)sgr(ﬂ)

Xf dE Tr[Aky;lﬁ(iaiE)AVtS;k'y(jB’E)]

Xf E)N1-fis(E)], (A10)
where

Tr[Ak'y;Yﬁ(ia1E)Af§,ky(j'BiE)]

=2, Aymyino(1€,E)Ansin,(1B,E) (AL

and

Akmy;lné(ichE):% [5ik5il5pm5pn5a Oas™ S|p km |p!n]
(A12)

Herep, m, andn correspondo the modesin contactsi, k,
andl, respectively.

APPENDIX B

Derivation of Eq. (38): Using Eq. (36), it is straightfor-
ward to verify that, (I (wk=0)I(w’=0))
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(Ii(0=0)i}(0'=0))

e
- 3
a,B.ky\,

ﬁsgr(a)sgr(B)J dEf dE’f dE”

><f dE" S(E—E') 8(E"—E")Aryrolia,E)

X Aysy(FB,EN)(AL(E)ayo(E)af(E")an,(E").
(B1)

Using Wick’s theorem the expectatiorvalue of the four op-
eratorsin Eq. (B1) is

(&}, (E)ays(E)an(E")a,,(E")
= 646,50m Oy (E—E") S(E"—E")fyy(E)fme(E")
+ kn Sy yOm 8,50 E—E") S(E' —E")

X i E)[ 1= EN], (B2)

Using Eqg. (B2) and the identity S(hw)=(1/)dw), iti s
straightforwardto verify that

%
(AliAly)=—5(0) >

a,B,ky,l,6m¢,n,n

sgr(a)sgr(B)

xf dE Ay,15(i, E) A5y, E)

X B)[1-fio(E)].

Similarly, it canbe verified that

(B3)
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S-S
(AjAT=—8(0) >

a,B.ky,l,6mn,

, sgr(a)sgn B)

XJ dE Ay, 15(I,E)Ay5.4,(J,E)

X fis(E)[1—fx,(E)].
Equations(B3) and (B4) give

(B4)

e2

S sgr(a)sgn( )

_Zh a,B.ky,l,ém¢,n,n

Xf dE Ay 5(1,E) Ay (J,E)Xfry(E)[1— fis(E) ]

+h(E)[1-fi,(B)]}. (B5)

Thetwo termsin Eq. (B6) areidenticalto eachother.While
for i=j, it is straightforwardo seethis, it is not so obvious
for i#j. Wheni#j, it is straightforwardto see that the
contributionfrom the termsbilinear in the Fermifactorsare
identicalto eachother.It is shownin AppendixA thatterms
linear in the Fermi factorsare also identical to eachother.
The zero-frequencycurrentfluctuationsis then

2

e
Sij:_

h a,B.ky,l,6m¢,n,n

sgr(a)sgnB)

deE Ayt s(LE) Avsi, (1L,E) i (E)[ 1= fis(E) 1.

(B6)
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